Introduction
Generally, the advertising costs should be included in the total costs. However, the main purpose of advertising is to stimulate consumer demand without changing of production technologies or quality of goods, so it makes sense to consider advertising separately from total costs.
The advertising effect is not instantaneous. A time interval usually appears between the moment of posting of advertising and consumers' reaction.
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Therefore, consumer demand is changing under influence of the accumulated effect of previous advertising costs and the accumulated effect of previous sales.
It is logical to assume that after some time the effect of the first advertisement becomes weaker than next one. Similarly, the experience of the first purchase is slowly forgotten and it has little influence on next purchases. So it is possible to consider fixed intervals, on which the influence of the accumulated advertising effect and the accumulated effect of previous sales are the most significant.
The advertising budget of the company is usually limited to the amount of budget that can be spent on implementation of the advertising strategy.
Thus, the problem of the best distribution of advertising costs for the planning period can be considered as the optimal control problem under some restrictions: specificity of the impact of advertising and non-advertising factors on current sales and the limiting value of the advertising budget.
The dynamic optimization models were considered by different authors [12] , [3] , [10] , [2] , [7] , [1] . These models are widely used and are the basis of many modern advertising models. Vidal and Wolf developed the model based on the differential equation, which describes change dependence in sales according to four factors: advertising costs, market saturation level, an exponential sales decay constant, a response constant (1957). Nerlove and Arrow constructed the classical N-A model to describe the time-dependent demand in a general function form. Specifically, the consumer demand depends on the goodwill stock that involves the impacts of current and past advertising costs (1962). Kimball applied the dynamic Lanchester model of advertising, which is similar to Lanchester's models of warfare. He analyzed advertising strategies of two firms for a duopoly setting (1957) . Also, most of modern advertising models are discussed by Jian Huang, Mingming Leng, Liping Liang (2011).
In our paper, in addition to advertising costs, several factors of influence on consumer demand are taken into account. The delayed consumer reaction is considered here too. The paper is expansion of the research [9] , and it includes the practical application. It describes implementation of the dynamic model of advertising costs in detail.
State of the Problem
Denote x(t) as the company's revenue which is the monetary expression of the consumer demand at the moment t, u(t) as the advertising costs at the moment t, v(t) and y(t) as the functions which determine respectively accumulated advertising impact and accumulated influence of previous sales on current sales at the moment t :
The 
The revenue at the moment t depends on v(t) and y(t):
In ( 2) Let us suppose the following properties of the function ) ( u G : up to the certain moment τ * the advertising influence on the demand increases. After that the advertising effect begins to decrease until it disappears; the possibility of negative advertising effect is excluded, i.e. advertising costs of the company don't reduce product demand. Thus, the function ) ( u G is non-negative and it has only one local (also global) maximum τ * , which is the moment of the highest advertising effect. If this function is differentiable, then the assumption is equivalent to the following conditions:
Regarding the function 
The financial result of the company is the profit or loss. Obviously, at each point t the profit determined by the condition
is the total costs which are associated with revenue x(t) at the moment t. The function of the total costs includes fixed and variable costs associated with the process of production and selling. Having designated the total profit on the planning interval [0;T] as
we can write the objective functional:
c -total costs of the firm, associated with the production of goods excepting the advertising costs, 1
It is reasonable to assume that variable costs are in direct ratio to the volume of output with the depreciation rate µ. In this case we have following:
Companies have different approaches to determining the advertising budget, e.g. fixed amount per unit time
(5) Let us suppose that the functions of revenue ) ( t x and advertising expenses ) ( t u are known before the beginning of the planning period. So, we can formulate the following optimization problem: to maximize the functional (4) under the conditions (1), (2), (3), (5) .
Transform the problem (1), (2), (3), (4), (5) to the optimal control problem with the integral equations of Volterra type. Define the functions
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are the functions that respectively describe the company's revenue variation and the advertising costs variation before the beginning of the planning period.
Using the introduced functions, the total profit and the accumulated effects of previous sales and advertising costs can be represented as:
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The maximizing ) (T П under the conditions (5), (6), (7), (8) presents the optimal control problem with the integral equations of Volterra type.
Existence of the Solution
Let us suppose that advertising costs function u(t) is piecewise-continuous on the right in [t0; T ]. Continuity of the functions
follows from researchers' requirements to the function properties. Consider the problem of the solution existence of equations (6), (7), (8) .
. Considering the equations (5), (6) we can state existence of the value b1>0:
Thus, the function of the accumulated advertising effect satisfies the condition 
that satisfies the condition (7) . Proof. The proof of the solution existence of the linear equation of Volterra type is described in [6] . Based on this statement we prove a solution existence of the integral equation (7).
Initially, the function ) , ( y v f satisfies the Lipschitz condition with respect to y. So, there exists the constant L:
Define the operator A in the following form: which is equal to M. So, we can write the following inequality: Consider the optimization problem: to maximize ) (Т П under the conditions (5), (6) , (7), (8) .
A finite value of the accumulated profit ) (Т П is a functional with the control
. Formulate the theorem of the solution existence of the optimization dynamic problem. (6), (7), (8) and a value J :
2.
There exists a sequence of control functions
: (5) and a value J :
Proof. Let us estimate a solution of the equation (7):
is a solution of the equation (7): 1
Thus, for the advertising strategy (5) the accumulated influence of previous sales ) (s y is limited by a constant K:
It is possible to demonstrate that the total profit is limited:
. So, the range of functional )) ( (  u J of the optimal control problem (5), (6) , (7), (8) (5), (6) , (7), (8) (5) and appropriate solutions of (6) , (7), (8) 
Practical application
In order to test the dynamic model of advertising, a firm's monthly data set of advertising costs and revenue (in Russian rubles) are analyzed from the period January 2009 to July 2014. The firm is producer of ready-made cloths and located in Ulyanovsk, Russia.
Correlation analysis is made in order to identify the relation between factors ) (t x and )
. As a result, the lower and upper limits of the integrations (1), (2) are found in accordance with the highest values of the correlation coefficients. For
, for
, for 
Basing on the properties of the functions
, it is possible to represent them as the following: 
Choose from the sets of U includes the actual data of the last year. In this case we can observe how the actual data will change if the model is applied. The limited number of advertising budget b=54335 Russian rubles (maximal advertising costs in according to the data of the last year), the value h=100, the accuracy ɛ=0.0001. Integral parts of (6), (7), (8) are calculated by the trapezoidal rule. The integrals are divided into N segments equaled to ∆t.
The solution is found at the different ∆t. In each case the solution has the same structure: It is logical that the value of the total profit changes and becomes more accurate while t  is decreasing. Eventually, referring to the results, it is fair to say that iteration converges to a solution. The control switching point t* varies slightly and has a finite value. In order to check stability of the solution, each of the parameter estimators varies by 5% while the others are unchanged. The results are available in the table 2. As we can see, variations of the parameters au and bu do not cause considerable change in the result and we can say that they are stable. But the parameter estimators ây and b̂y have a noticeable effect on the result, thus estimation of these parameters should be the most accurate to avoid mistakes.
Conclusion
In the practical application of the model (1), (2), (3), (4) 
